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Chapter 2 
Describing Change: Rates 

Section 2.1 Change, Percentage Change, and Average Rates of Change 
 

 1. 
$2.30

$0.46 per day
5 days

=   

  The stock price rose an average of 46 cents per day during the 5-day period. 
 

 3. 
$25,000

$8333.33 per month
3 months

»   

  The company lost an average of $8333.33 per month during the past three months. 
 

5. Change:  56.5 million – 55.4 million =  1.1 million 
From 2004 to 2005, the number of passengers flown by Northwest Airlines increased by 1.1 
million. 

  Percentage change:  
56.5 million 55.4 million

100% 1.986%
55.4 million

-� � »� �
� �

 

  From 2004 to 2005, the number of passengers flown by Northwest Airlines increased by 
approximately 2%. 

  Average rate of change:  
56.5 million 55.4 million 1.1 million

1.1 million passengers per year
2005 2004 1 year

-
= =

-
  

  Between 2004 and 2005, the number of passengers flown by Northwest Airlines increased an 
average of 1.1 million passengers per year.   

 
 7. Change:  2434 -  362 = 2072 thousand people 
  Between 1930 and 2000, the American Indian, Eskimo, and Aleut population in the U.S. 

increased by 2,072,000 people. 

  Percentage change:  %672%100
people  thousand362
people  thousand2072

»��
�

�
��
�

�
   

  Between 1930 and 2000, the American Indian, Eskimo, and Aleut population in the U.S. 
increased by approximately 672%.  In other words, the population in 2000 was approximately 
six and a half times what it was in 1930. 

  Average rate of change: 

   
2072 thousand people 2434 thousand people

29.6
2000 1930 70 years

= =
-

 thousand people per year  

  Between 1930 and 2000, the American Indian, Eskimo and Aleut population in the U.S. 
increased, on average, by 29,600 people per year. 
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 9. a. From the graph we see that October 1987 had 22 trading days.  (We must remember that 
the first day gives us the initial value for the interval but cannot be numbered in the days 
over which our average rate of change is calculated.)     

   
303.4 million – 193.2 million 110.2 million shares

Average rate of change
22  1 21 trading days

5.3 million shares per trading day

= =
-

»

 

   Note:  the answer given in the text is calculated using the number of days between 
October 1 and October 30 (29 calendar days instead of 21 trading days) giving  

   
110.2 million shares

3.8 million shares per day
29 days

»»»» . 

During October 1987, the number of shares traded each day was increased at an average 
rate of approximately 5 million shares per trading day.   

   Percentage change = 
303.4 193.2 million shares

100% 57%
193.2 million shares

-
× »  

   The number of shares traded on the last trading day of October 1987 was 57% more than 
the number traded on the first trading day of that month. 

  b. 

 

   
  c. The volume of shares traded on a given day in October 1987 stayed near (or below) 200 

million shares until mid-October when it spiked near 600 million shares.  It then declined to 
near 300 million shares for the remainder of the month.  The average rate of change ignores 
the spike during “October Madness.” 

 

 11. a. Average rate of change = 
4.25 3.25

$0.2 billion per year
2001 1996

-
=

-
 

   Between 1996 and 2001, sales at Kelly Services, Inc. increased by an average of 
$0.2 billion per year.  

  b. Percentage change = 
4.25 3.25

100% 30.7%
3.25

-
× =  

   Between 1996 and 2001, sales at Kelly Services, Inc. increased by 30.7%. 
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 13. a. Because a scatter plot of the data is concave down, a quadratic model is best. 
2( ) –0.037 25.529 – 527.143P x x x= +  thousand dollars monthly profit for an airline from a 

roundtrip flight from Denver to Chicago, where x dollars is the cost of a roundtrip ticket 
and 200 £ x £ 450.  

  b. P(200) » 3081.429 thousand dollars; P(350) » 3822.857 thousand dollars 
Average rate 3822.857 - 3081.429 thousand dollars of profit

of change 350 – 200 dollars of ticket price

                     4.943 thousand dollars of profit per dollar of ticket price

»

»  

  c. P(350) » 3822.857 thousand dollars; P(450) » 3381.429 thousand dollars 
Average rate 3381.429 - 3822.857 thousand dollars of profit

of change 450 - 350 dollars of ticket price

                     4.414 thousand dollars of profit per dollar of ticket price

»

» -  

 

 15. a. Average rate of change: 81.0
70

years 3.68years 1.81
-»

-
 year per year (year of life 

expectancy per year of age) 

 b. Average rate of change between ages 10 and 20: 96.0
10

years 6.59years 50
-»

-
 year per 

year (year of life expectancy per year of age) 

  Average rate of change between ages 20 and 30: 89.0
10

years 50years 1.54
-»

-
 year per 

year (year of life expectancy per year of age) 
Life expectancy decreases with increasing age, but the magnitude of the rate of decrease 
gets smaller as a male gets older. 

 
 17. a. (55) (40) 31.183 21.218 million people 9.965 million peoplep p- » - »   

   Percentage change:  
(55) (40) 9.965 million people

100% 100% 47%
(40) 21.218 million people

p p
p

� � � �-
» »� �	 


� � � �
 

  b. 
(85) (83) 67.350-63.980 million people

1.685 million people per year
85 83 2 years

p p-
» »

-
 

 
 
 19.   1996:  s(6) �  16.244%          1999: s(11) �  95.593% 

  Percentage change = 
95.593 16.244

100% 488.5%
16.244

-� � »� �
� �

 

 

 

 21.  a.  i.  
(3) (1) 13 7 6

3
3 1 2 2

y y- -
= = =

-
  iii.   

y y( ) ( )10 6
10 6

34 22
4

12
4

3
-
-

=
-

= =  

   ii.   
y y( ) ( )6 3

6 3
22 13

3
9
3

3
-
-

=
-

= =  
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  b.  i. 
(3) (1) 6

100% 100% 85.7%
(1) 7

y y
y

� �- � �= »� �	 

� �� �

 

   ii. 
(5) (3) 6

100% 100% 46.2%
(3) 13

y y
y

� �- � �= »� �	 

� �� �

 

   iii.  
(7) (5) 6

100% 100% 31.6%
(5) 19

y y
y

� �- � �= »� �	 

� �� �

 

  c.  The average rate of change of any linear function over any interval will be constant because 
the slope of a line (and, therefore, of any secant line) is constant. The percentage change is 
not constant. 

  
 23. a. The balance increased by $1908.80 – $1489.55 = $419.25. 

  b. Average rate of change: 
$419.25

$104.81 per year
4 years

»   

   Between the end of year 1 and the end of year 5, the balance increased at an average rate of 
$104.81/ year. 

  c. There are no data available for the balance in the account at the middle of the fourth year.  
Without a model, there is no way to estimate the average rate of change in the balance from 
the middle to the end of the fourth year. 

  d. The amount in the account can be modeled as ( ) 1400(1.064 )xB x =  dollars, where x is the 

number of years since the initial investment, 1 £ x £ 5.  

   Amount in middle of year 4:  B(3.5) = $1739.28 
Amount at end of year 4:   B(4) = $1794.04 

1
2

$1794.04 – $1739.28
Average rate of change = $109.52 per year

 year
=  

 

 25. a. APR = 
%

1.5 12 months = 18%
month

×  

  b. ( )
12

0.18
( ) 1 1.195618

12

t
t

A t P P� �= + »� �
� �

 

   APY = ( )1.195618 1 100% 19.562%- »    

 27. a. 

( )

12

0.063
12

2 1

0.063
2 1

12

0.063
ln 2 12 ln 1

12

ln 2
11.03

12 ln 1

nt

t

r
P P

n

t

t

� �= +� �
� �

� �= +� �
� �

� �= +� �
� �

= »
+

 

It will take just over 11 years (that is, 11 years 1 month).   
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  b. 
0.08

2

2

ln 2 0.08

ln 2
8.66

0.08

rt

t

P Pe

e

t

t

=

=

=

= »

 

It will take approximately 8.66 years (8 years 8 months). 

  c. 

( )

4

0.0685
4

2 1

0.0685
2 1

4

0.0685
ln 2 4 ln 1

4

ln 2
10.21

4 ln 1

nt

t

r
P P

n

t

t

� �= +� �
� �

� �= +� �
� �

� �= +� �
� �

= »
+

 

It will take 10 years 3 months.   
 

 29. a. ( )nnA 11+=   

  
 b,c. Compounding n Amount 

  yearly 1 $2.00 

  semiannually 2 $2.25 
  quarterly 4 $2.44 
  monthly 12 $2.61 
  weekly 52 $2.69 
  daily 365 $2.71 
  every hour 8760 $2.72 
  every minute 525,600 $2.72 
  every second 31,636,000 $2.72 

 

  d. $2.72 

  e. ( ) 72.21lim 1 »+
¥®

n
nn

 

  
 31.   One possible answer:  Change is simply a report of the difference in two output values so that 

the magnitude of the change may be considered.  Percentage change is a report of the difference 
in two output values so that the relative magnitude of the change may be considered. Average 
rate of change is a report of the difference in two output values in a way that considers the 
associated spread of the input values. 
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Section 2.2 Instantaneous Rates of Change 
 
 1. One possible set of answers: 

  a. A continuous graph or model is defined for all possible input values on an interval. A 
continuous model with discrete interpretation has meaning for only certain input values on 
an interval. A continuous graph can be drawn without lifting the pencil from the paper. A 
discrete graph is a scatter plot. A continuous model or graph can be used to find average or 
instantaneous rates of change. Discrete data or a scatter plot can be used to find average 
rates of change. 

  b. An average rate of change is a slope between two points. An instantaneous rate of change is 
the slope at a single point on a graph. 

  c. A secant line connects two points on a graph. A tangent line touches the graph at a point 
and is tilted the same way the graph is tilted at that point. 

 
 3.  Average rates of change are slopes of secant lines. Instantaneous rates of change are slopes of 

tangent lines. 
  

 5. Average speed = 
19 – 0 miles 60 minutes

67.1
17 minutes hour

× » mph 

  
 7. a. The slope is positive at A, negative at B and E, and zero at C and D. 

  b. The graph is slightly steeper at point B than at point A. 
 
 9. 

 
 
 11. The graph shows a decreasing, linear function.  The slope is a constant, negative number. 

 13. The graph shows an increasing, logistic function.  The slope is always positive.  Moving from 
left to right, the slope starts close to zero, increases, and then decreases toward zero. 

 
 15. The lines drawn at A and C are not tangent lines because they don’t follow the tilt of the curve. 
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 17. 

 
 
   
 19. a,b.  A: concave down, tangent line lies above the curve 
    B: inflection point, tangent line lies below the curve on the left, above the curve on the  

right 
    C: inflection point, tangent line lies above the curve on the left, below the curve on the 

right.  Note:  the answer key in the text is in error concerning point C. 
    D: concave up, tangent line lies below the curve. 

  c. 

 

  d. A, D: Positive slope 
C: Negative slope (inflection point) 
B: Zero slope (inflection point) 
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 21. 

 

rise 1.75
Slope = 0.58

run 30
» »   (Estimates may vary slightly depending on choice of points.) 

Note:  the answer calculations in the back of the text used a different choice of points but 
arrived at exactly the same estimate. 

 
 
 23. 

 

  Slope at 
rise
run

C = » =
80
20

4  

  Slope at 
rise
run

D = » =
90
60

15.   (Estimates may vary depending on choice of points.)   

 
 
 25.  a.  Million subscribers per year 

  b. In 2000, the number of subscribers was increasing by 23.1 million subscribers per year. 

  c. 23.1 million subscribers per year 

  d. 23.1 million subscribers per year 
 
 

27. a, b. A: 1.3 mm per day per °C 

    B: 5.9 mm per day per °C 

    C: –4.2 mm per day per °C 
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  c. The growth rate is increasing by 5.9 mm per day per °C. 

  d. The slope of the tangent line at 32°C is –4.2 mm per day per °C. 

  e. At 17°C, the instantaneous rate of change is 1.3 mm per day per °C. 
 
29.  a. 

 

   The slope at the solstices is zero. 
  b. The steepest points on the graph are those where the graph crosses the horizontal axis. The 

slopes are estimated as 

    
24 degrees

0.4
61 days

» degree per day and    
24 degrees

0.4
61 days

-
» - degree per day 

   A negative slope indicates that the sun is moving from north to south. 
 

31.  a. Because the model is linear, the line to be sketched is the same as the model itself. From 
the equation, its slope is approximately 2.37 million people per year. 

    

  b. Any line tangent to the graph of p(t) coincides with the graph itself. 

  c. Any line tangent to this graph has a slope of approximately 2.37 million people per year. 

  d. The slope of the graph at every point will be 2.37 million people per year. 

  e. The instantaneous rate of change is 2.37 million people per year. 
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 33. 

 

a. 
2050 1825

225
4 3

-
=

-
:  In 1994, the number of employees was increasing by approximately 

225 employees per year.  

b. The slope of the graph cannot be found at x = 5 because a tangent cannot be drawn at a 
sharp point on a graph. 

c. 
3250 2875

375
9 8

-
=

-
:  In 1998, the number of employees was increasing by approximately 

375 employees per year.   

 
 35. One possible answer:  The line tangent to a graph at a point P is the limiting position of secant 

lines through P and nearby points on the graph. 

 
 
Section 2.3 Derivative Notation and Numerical Estimates 
 
 1. a. Because P(t) is measured in miles and t is measured in hours, the units are miles per hour. 

  b. Speed or velocity 
 
 3. a. No, the number of words per minute cannot be negative. 

  b. Because w(t) is measured in words per minute and t is measured in weeks, the units are 
words per minute per week. 

  c. The student’s typing speed could actually be getting worse, which would mean that ( )W t¢  
is negative. 

  
 5. a. When the ticket price is $65, the airline’s weekly profit is $15,000. 

  b. When the ticket price is $65, the airline’s weekly profit is increasing by $1500 per dollar of 
ticket price.  

  c. When the ticket price is $90, the profit is decreasing $2000 per dollar of ticket price.  
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 7. 

 
  

 9. a. At the beginning of the diet you weigh 167 pounds. 

  b. After 12 weeks of dieting your weight is 142 pounds. 

  c. After 1 week of dieting your weight is decreasing by 2 pounds per week. 

  d. After 9 weeks of dieting your weight is decreasing by 1 pound per week. 

  e. After 12 weeks of dieting your weight is neither increasing nor decreasing. 

  f. After 15 weeks of dieting you are gaining weight at a rate of a fourth of a pound per week. 

  g. 

 
 
  
 11. Because 21 + 12 = 32 and 12 + 10(0.6) = 18, we know that the following points are on the 

graph:  (1940, 4), (1970, 12), (2000, 33), and (1980, 18).  We also know the graph is concave 
up between 1940 and 1990 and concave down between 1990 and 1995.  One possible graph: 

   
 



34 Chapter 2: Describing Change: Rates  Calculus Concepts 
 

Copyright © Houghton Mifflin Company. All rights reserved. 

 13. a. It is possible for profit to be negative if costs are more than revenue. 

  b. It is possible for the derivative to be negative if profit declines as more shirts are sold 
(because the price is so low, the revenue is less than the cost associated with the shirt.) 

  c. If (200) –1.5P¢ = , the fraternity’s profit is declining. In other words, selling more shirts 
would result in less profit. Profit may still be positive (which means the fraternity is making 
money), but the negative rate of change indicates they are not making the most profit 
possible (they could make more money by selling fewer shirts). 

 
 15. a. Because D(r) is measured in years and r is measured in percentage points, the units on dD

dr
 

are years per percentage point. 
  b. As the rate of return increases, the time it takes the investment to double decreases. 

  c. i. When the interest rate is 9%, it takes 7.7 years for the investment to double. 

   ii. When the interest rate is 5%, the doubling time is decreasing by 2.77 years per 
percentage point. A one-percentage-point increase in the interest rate will decrease the 
doubling time by approximately 2.8 years. 

   iii. When the interest rate is 12%, the doubling time is decreasing by 0.48 year per 
percentage point. A one-percentage-point increase in the interest rate will decrease the 
doubling time by approximately half of a year. 

 
 
  17. a,b. 

 

The slope of the secant line gives 
the average rate of change. 
Between 1 mm and 5 mm, the 
terminal speed of a raindrop 
increases an average of 
approximately  

5 m/s
4 mm

=1.25 m/s per mm. 

The slope of the tangent line gives 
the instantaneous rate of change of 
the terminal speed of a 4 mm 
raindrop. 

  c. 
rise 1.25 m/s

Slope = 0.625 m/s per mm
run 2 mm

» =   

   A 4 mm raindrop’s terminal speed is increasing by approximately 0.6 m/s per mm.  

  d. By sketching a tangent line at 2 mm and estimating its slope, we find that the terminal 
speed of a raindrop is increasing by approximately 1.8 m/s per mm. 

  e. Percentage rate of change = 
1.8 m/s per mm

100% 28% per mm
6.4 m/s

× »   

   The terminal speed of a 2 mm raindrop is increasing by approximately 28% per mm as the 
diameter increases. 

 



Calculus Concepts Section 2.3:  Derivative Notation and Numerical Estimates 35 
   

Copyright © Houghton Mifflin Company. All rights reserved.  

  19. a. 

 

 
Slope at 11 points

  
4 hours 2 hours

5.5 points per hour

»

=  

Slope at 8 points
  

11 hours 3 hours

2.7 points per hour

»

=   

(Estimates may vary slightly.) 
 

  b. Estimate the two points on the graph:  (4, 50) and (10, 86).  

    
86 points 50 points 36 points

Average rate of change 6 points per hour
10 hours 4 hours 6 hours

-
» = =

-
 

   As the number of hours that you study increases from 4 to 10 hours, your expected grade 
on the calculus test increases by an average of 6 points per hour. 

  c. Percentage rate of change 
6 points per hour

100% 12%
50 points

» × = per hour.  When you have 

studied for 4 hours, your expected grade on the calculus test is increasing by 12% per hour. 

  d. (4.6) (4) 0.6 '(4) 50 0.6 5.5 53.3G G G» + × = + × = points  
 
   21.  a.  

 

  b. Sample calculation:  Note:  the answers in the back of the text are incorrect. 

    Point at x = 2: (2, 4) Point at x = 1.9: (1.9, 21 9. ) » (1.9, 3.732132) 

    Secant line slope 
3.732132 4 0.267868

2.67868
1.9 2 0.1

- -
» = =

- -
  

Input of close 
point on left 

Slope Input of close 
point on right 

Slope 

1.9 2.67868 2.1 2.87094 
1.99 2.76300 2.01 2.78222 
1.999 2.77163 2.001 2.77355 
1.9999 2.77249 2.0001 2.77268 
1.99999 2.77258 2.00001 2.77260 

            Limit »»»» 2.77             Limit »»»» 2.77 

   The slope of the line tangent to 2xy =  at x = 2 is approximately 2.77. 
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 23. a. Sketching a tangent line at t = 4 and finding the slope of the tangent line, we estimate that  

   
dP
dt

» 3 million passengers per year. 

  b.  Sample calculation: 
    Point at x = 4: (4, 83.16) 
    Point at x = 3.9: (3.9, 82.82069)  

    Secant line slope 
83.16 82.82069

3.3931
4 3.9
-

= =
-

 

 
Input of close 
point on left 

Slope Input of close 
point on right 

Slope 

3.9 3.3931 4.1 3.2811 
3.99 3.3456 4.01 3.3344 
3.999 3.3406 4.001 3.3394 
3.9999 3.3401 4.0001 3.3400 
3.99999 3.3400 4.00001 3.3400 

             Limit »»»» 3.34              Limit »»»» 3.34 
    '(4) 3.34P »  million passengers per year 
   In 2004, the number of passengers going through the Atlanta International Airport each 

year was increasing by approximately 3.34 million passengers per year. 
 

c. PROC = 
'(4) 3.34 million passengers per year

100% 100% 4.016% per year
(4) 83.16 million passengers

P
P

× » × »  

In 2004, the number of passengers going through the Atlanta International Airport each 
year was increasing by approximately 4% per year. 

   
  d. One possible answer: Using numbers based on an equation is more accurate, but there are 

many situations when the equation of a graph is not provided.   
 
 25. a.  Sample calculation:     

   Point at x = 13: (13, 20.181(13) 8.463(13) 147.376- + ) = (13, 67.946) 

   Point at  x = 12.9: (12.9, 20.181(12.9) 8.463(12.9) 147.376- + ) = (12.9, 68.32351) 

   Secant line slope 
68.32351 67.946

12.9 13
-

»
-

= - 3.7751 seconds per year of age 

 
Input of close 
point on left 

Slope Input of close 
point on right 

Slope 

 12.9 - 3.7751  13.1 - 3.7389 
 12.99 - 3.75881  13.01 - 3.75519 
 12.999 - 3.757181  13.001 - 3.756819 
 12.9999 - 3.7570181  13.0001 - 3.7569819 

 12.99999 - 3.75700181  13.00001 - 3.75699819 

Limit from either direction »  ---- 3.757 seconds per year of age 
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b. PROC = 
'(13) -3.757 seconds per year

100% 100% 5.529 percent per year
(13) 67.946 seconds

T
T

× » × » -  

  c. The swimmer’s time is decreasing. Thus the swimmer is swimming faster, and the time is 
improving. 

 
 27. a. P(x) and C(P) can be combined by function composition to create the profit function.  

( )( ) ( )A x C P x= =
1.02
1.5786

x

is the profit in American dollars from the sale of x mountain 

bikes. 

 b. Canadian:  (400) $2754.66C »  

  American: (400) $1745.00A »  

 c. We can estimate '(400) $34.56A » per mountain bike sold 

 

Input of close 
point on left 

Slope Input of close 
point on right 

Slope 

399.9 34.521 400.1 34.590 
399.99 34.552 400.01 34.559 
399.999 34.555 400.001 34.556 
399.9999 34.556 400.0001 34.556 
399.99999 34.556 400.00001 34.556 
Limit from either direction »  $34.56 per mountain bike 

 

 29.   One possible answer:  The percentage change gives the relative amount of change in the output 
from an initial input value to a second input value.  The percentage rate of change is a relative 
measure of the rate of change at a particular input value in comparison to the output value at 
that point. 

 31. One possible answer:  Finding the rate of change numerically using numbers found with an 
equation is both more accurate and more time-consuming than drawing a tangent line to a 
graph and estimating the slope of that tangent line. However, there are many situations when 
the equation of a graph is not provided and the rate of change must be estimated graphically. 

 
 
Section 2.4 Algebraically Finding Slopes 
 
 1. 2x -®  3

2
x

x -
 

2x +®  3

2
x

x -
 

   1.9        –68.59   2.1        92.61 
   1.99      –788.0599   2.01      812.0601 
   1.999    –7988.00599   2.001    8012.006001 
   1.9999  –79988.0006   2.0001  80012.0006 

  
3 3

2 2
lim ;   lim ;

2 2x x

x x
x x- +® ®

® -¥ ® ¥
- -

  
3

2
lim

2x

x
x® -

 does not exist 
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 3. 0x -®  32 7x x

x
- +

 
0x +®  32 7x x

x
- +

 

   –0.1   6.98   0.1   6.98 
   –0.01   6.9998   0.01   6.9998 
   –0.001   6.999998   0.001   6.999998 
   –0.0001   6.99999998   0.0001   6.99999998 

  
3 3 3

00 0

2 7 2 7 2 7
lim 7;  lim 7;  lim  7

xx x

x x x x x x
x x x- + ®® ®

- + - + - +
= = =  

 

 

 

 5. 
2

2 2

( ) (2) 4 16
'(2) lim lim 16

2 2x x

f x f x
f

x x® ®

- -
= = =

- -
 

2x -®  24 16
2

x
x

-
-

 
2x +®  24 16

2
x
x

-
-

 

  1.9   15.6   2.1   16.4 
  1.99   15.96   2.01   16.04 
  1.999   15.996   2.001   16.004 
  1.9999   15.9996   2.0001   16.0004 

 

 7. 
( ) ( )2 2

4 4 4

6 7 89( ) (4) 6 96
'(4) lim lim lim 48

4 4 4t t t

tg t g t
g

t t t® ® ®

- + - -- - +
= = = = -

- - -
 

4t -®  26 96
4

t
t

- +
-

 
4t +®  26 96

4
t
t

- +
-

 

  3.9   –47.4   4.1   –48.6 
  3.99   –47.94   4.01   –48.06 
  3.999   –47.994   4.001   –48.006 
  3.9999   –47.9994   4.0001   –48.0006 

   Or using direct substitution:   

 
2

4 4 4

6 96 6( 4)( 4)
lim lim lim 6( 4) 6(4 4) 48

4 4t t t

t t t
t

t t® ® ®

- + - - +
= = - + = - + = -

- -
 

 9. Point: ( ),  ( )x f x � ( ),  3 2x x-   

  Close Point: ( ),  ( )x h f x h+ + � ( ),  3( ) 2x h x h+ + - � ( ),  3 3 2x h x h+ + -  

  Slope of the Secant: 
3 3 2 (3 2) 3 3 2 3 2 3x h x x h x h

x h x h h
+ - - - + - - +

= =
+ -

  

  Limit of the Slope of the Secant: 
0 0

3
lim lim3 3
h h

dy h
dx h® ®

= = =  
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 11. Point: ( ),  ( )x f x � ( )2,  3x x   

  Close Point: ( ),  ( )x h f x h+ + � ( )2,  3( )x h x h+ + � ( ),  3( )( )x h x h x h+ + + �  

 ( )( )2 2,  3 2x h x xh h+ + + � ( )2 2,  3 6 3x h x xh h+ + +  

  Slope of the Secant: 
2 2 2 2(3 6 3 ) 3 6 3 (6 3 )x xh h x xh h h x h

x h x h h
+ + - + +

= =
+ -

 

  Limit of the Slope of the Secant: 
0 0

(6 3 )
'( ) lim lim(6 3 ) 6 3(0) 6

h h

h x h
f x x h x x

h® ®

+
= = + = + =  

 

 

 13. Point: ( ),  ( )x f x � ( )3,  x x   

  Close Point: ( ),  ( )x h f x h+ + � ( )3,  ( )x h x h+ + �  ( )3 2 2 3,  3 3x h x x h xh h+ + + +  

  Slope of the Secant: 
( )2 23 2 2 3 3 2 2 3 3 3( 3 3 ) 3 3 h x xh hx x h xh h x x h xh h

x h x h h

+ ++ + + - + +
= =

+ -
 

  Limit of the Slope of the Secant: 

 
( )2 2

2 2 2 2 2

0 0

3 3
lim lim(3 3 ) 3 3 (0) 0 3
h h

h x xh hdy
x xh h x x x

dx h® ®

+ +
= = + + = + + =  

 

 15. a. T( ) .13 67 946= seconds 

  b. 2 2(13 ) 0.181(13 ) 8.463(13 ) 147.376 0.181 3.757 67.946T h h h h h+ = + - + + = - +  

  c. 
T h T

h
h h

h
h h

h
( ) ( ) . . . . . .13 13

13 13
0181 3757 67 946 67 946 0181 37572 2+ -

+ -
=

- + -
=

-
 

  d. 
2

0 0

0.181 3.757
lim lim(0.181 3.757) 0.181(0) 3.757

3.757 seconds per year of age
h h

h h
h

h® ®

-
= - = -

= -

 

   The swim time for a 13-year-old is decreasing by 3.757 seconds per year of age. This tells 
us that as a 13-year-old athlete gets older, the athlete’s swim time improves. 

 
 17. a. ( )3 2.052  billion gallonsf =  

  b. 2 2(3 ) 0.042(3 ) 0.18(3 ) 1.89 2.052 0.072 0.042f h h h h h+ = - + + + + = - -  billion gallons 

   c. ( )

( )

2 22.052 0.072 0.042 2.052(3 ) (3) 0.072 0.042
3 3

-0.072 - 0.042
       =  billion gallons per year

h hf h f h h
h h h

h h

h

- - -+ - - -
= =

+ -  
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  d. 
( ) ( )

0 0

-0.072 -0.042
lim lim -0.072 - 0.042 0.072 0.042(0) 0.072
h h

h h
h

h® ®
= = - - = -    

   In 2001, the amount of fuel Northwest Airlines consumed each year was decreasing  
   by 72 million gallons per year. 

 
  

 

 

. 

 
 19. a. Point: ( )2,  16 100t t- +  

   Close Point: ( )2,  16( ) 100t h t h+ - + + � ( )2 2,  16( 2 ) 100t h t th h+ - + + +      

          �  ( )2 2,  16 32 16 100t h t th h+ - - - +  

   Slope of the  Secant:     

    
( ) ( ) ( )2 2 2 216 32 16 100 16 100 16 3216 32t th h t h h th th

t h t h h

- - - + - - + - -- -
= =

+ -
 

   Limit of the Slope of the Secant:  

    
( ) ( ) ( )

0 0

16 32
lim lim 16 32 16(0) 32 32
t t

h h tdH
h t t t

dt h® ®

- -
= = - - = - - = -  feet per second 

is the speed of a falling object t seconds after the object begins falling (given that the 
object has not reached the ground). 

  b. 
1

32(1) 32
t

dH
dt =

= - = -  feet per second 

   After 1 second, the object is falling at a speed of 32 feet per second. 

 
 
 21. a. The number of drivers of age a years in 1997 can be modeled as    

   D a a a( ) . . .= - + -0 045 1774 16 0642 million drivers, 16 £ a £ 21. 
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  b.
 

( ) ( )

( )

0

2 2

0

2 2 2

0

2

0

0

( ) ( )
'( ) lim

.045( ) 1.774( ) 16.064 0.045 1.774 16.064
lim

0.045 0.09 0.045 1.774 1.774 16.064 0.045 1.77416.064
lim

0.09 0.045 1.774
lim

0.0
lim

h

h

h

h

h

D a h D a
D a

h

a h a h a a

h

a ah h a h a a

h
ah h h

h
h

®

®

®

®

®

+ -
=

- + + + - - - + -
=

- - - + + - + - +
=

- - +
=

-
=

( )

( )
0

9 0.045 1.774

lim .09 .045 1.774

0.09 0.045(0) 1.774

0.09 1.774

h

a h

h
a h

a

a

®

- +

= - - +

= - - +

= - +

 

   Thus ¢ = - +D a a( ) . .0 09 1774 million drivers per year of age where a is the age in years 

  c. ¢ = -D ( ) .20 0 026million drivers per year of age. For 20-year-olds, the number of licensed 
drivers in 1997 was decreasing by 26,000 drivers per year of age.  

 

  
 23. One possible answer:  Finding a slope graphically is the only approach if all that is available is 

a graph of the function without an accompanying equation.  Finding a slope graphically may be 
appropriate if all that is needed is a quick approximation of the rate of change at a point.  If a 
more precise determination of the rate of change at one single point is needed and an equation 
is available, it may be appropriate to find the slope at that one point numerically, using a table 
of limiting values of the slopes of increasingly close secant lines.  If an equation is available 
and the rate of change at several different points is needed, it might be appropriate to use an 
algebraic method to find a formula for the slope.  A final consideration when choosing between 
the algebraic method and the numerical method to find slope is the difficulty involved in using 
the algebraic method.  We are generally limited to using the algebraic method for linear, 
quadratic, or cubic functions. 

  
 

Chapter 2 Concept Review  

 1. a. i. A, B, C     ii. E iii. D 

  b. The graph is steeper at B than it is at A, C, or D. 

  c.  Below: C, D, E 
Above: A 
At B:  above to the left of B, below to the right of B 
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         d. 

 

  

 2. a. Feet per second per second or feet per second squared. This is acceleration. 

  b.  The speed of the roller coaster increased after point D. 

  c. The roller coaster’s speed was slowest at point D. 

  d. The roller coaster was slowing down most rapidly at point B. 

 3. a. The number of states associated with the national P.T.A. association grew by an average of 
1.125 states per year between 1915 and 1931.  (calculate the slope of the secant line 
between 1915 and 1931; estimates may vary) 

  b. The number of states associated with the national P.T.A. association grew by 
approximately 60% between 1915 and 1931. (Estimates may vary.) 

  c. The number of states associated with the national P.T.A. association grew by an average of 
1 state per year between 1923 and 1927. (calculate the slope of the secant line between 
1923 and 1927; estimates may vary) 

 4. a. Solve the following equation for P :  
( )12 15

0.075
25,000 1

12
P

×
� �= +� �
� �

 

   Approximately $8144.78 

  b. 
( )4 15

0.065
(15) 25,000 1

4
A

×
� �= + »� �
� �

$65,761.77 

  c. 
4

0.065
( ) 25000 1

4

t

A t � �= +� �
� �

dollars in an account after t years when interest is compounded 

quarterly at 6.5% 

  d. AROC = 
(10) (5)

2625.695
10 5

A A-
»

-
 dollars per year 

   Percentage Change = 
(10) (5)

100% 38.042%
(5)

A A
A

-
»  

 5. a,b.  The slope of the secant line gives the average rate of change between 1993 and 1997.  

    The slope of the tangent line gives the instantaneous rate of change in 1998. 
 
  c. Between 1993 and 1997, the number of Dell employees increased at an average rate of 

   1500 employees per year.  (slope of the secant line; estimates may vary) 
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  d. 
15000 8000

'(1998) 3500
1998 1996

E
-

» =
-

 employees per year;  In 1998 the number of employees at 

Dell Computer Corp. was increasing by approximately 3500 employees per year.  (slope of 
the tangent line; estimates may vary) 

   
3500 employees/year

100% 23.3 % per year
15000 employees

× » ; In 1998 the number of employees at Dell 

Computer Corp. was increasing by approximately 23.3% per year. 

 

 6. a. An average 22-year-old athlete can swim 100 meters in 49 seconds. 
   The time required for an average 22-year-old athlete to swim 100 meters free style is 

decreasing by approximately half a second per year of age.   

  b. A negative rate of change indicates that the average swimmer’s time improves as age 
increases. 

 
  

7. a. 2( ) 0.051 0.884 4.793R x x x= - + +  billion dollars passenger revenue for Northwest Airlines 
between 1991 and 2003, where x is the number of years since 1990. 

  

 

 

  b. Approximately –0.14 billion dollars per year 

Close 
point 

Slope of the secant line 
between point and x = 10  

9.9 –0.1336 

9.99 –0.1382 

9.999 –0.1386 

9.9999 –0.1387 

10.1 –0.1488 

10.01 –0.1392 

10.001 –0.1387 

10.0001 –0.1387 

  

  c.   In 2001, passenger revenue for Northwest Airlines was decreasing by approximately $140 
million per year.  

  d.   '( ) 0.102 0.884R x x= - +  billion dollars per year is how quickly passenger revenue for 
Northwest Airlines was changing between 1991 and 2003, where x is the number of years 
since 1990;  '(11) $0.241R » - billion per year  (found using the full model) 
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 8. Find a point: ( ) 7 3x, x+ ; find a close point:  ( )( ) 7 3x h, x h+ + + ; find a formula for the slope 

of the secant line between the two points and simplify completely: 

  
( )7 7 3 7 3

Slope of the secant 7
x h x

x h x

+ + - +
= =

+ -
; find the limit of the slope of the secant as the 

point and the close point become closer together: 
0

lim7 7
h®

= . 

 


