Chapter 5 Analyzing Change:

Applications of Derivatives
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5.2 Relative and Absolute Extreme Points

Your calculator can be very helpful for checking your analytic work when you find optimal
points and points of inflection. When you are not required to show work using derivative
formulas or when an approximation to the exact answer is all that is required, it is a simple
process to use your calculator to find optimal points and inflection points.

FINDING X-INTERCEPTS OF SLOPE GRAPHS Where the graph of a function has a
relative maximum or minimum, the slope graph has a horizontal tangent. Where the tangent line
is horizontal, the derivative of the function is zero. Thus, finding where the slope grapbes
the input axis is the same as finding the input of a relative extreme point.

Consider, for example, the model for Acme Cable Company’s revenue for the 26 weeks
after it began a sales campaign, wheig the number of weeks since Acme began sales:

R(x)= -3x4 + 1603 — 30002 + 24,00 dollars

In Example 2 of Section 5.2 @alculus Conceptsye are asked to find when Acme’s revenue
was greatest during the 26-week interval.

EnterRin they1 location of they= list. Enter either the TI-89’s
derivative or your algebraic derivative in thlocation. Turn off
yl.

(If you use your derivative, be sure to check that your derivati
and the TI-89 derivative are the same.) T —
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The statement of the problem indicates thahould be graphed A
between 1 and 26. Set this horizontal view, and draw the slogde &

graph iny2 with [Zoom] [5] (A) [ZoomFit]. Reset the || \ /\
window to a better view for this illustrationymin = -1500, ymax ||
= 3000. Redraw the Slope graph W| (GRAPH) FRIN FAD AUTD FIHT

With the graph on the screen, find the intercepts of the slope PR R ]

graph with F5] [Math] 2 [Zero]. Press and hold»] to move the \ A

cursor near to, but still to theft of, the rightmosk-intercept.

[ Lower Bound?
i 19037975 uck 942 63
HAIN FAD ALTO FUNC

Pres§ ENTER| to mark the location of the lower bound.
to move the cursor near to, but to thght of, the rightmosi-

intercept. PressENTER| to mark the location of the upper
bound. 10255 58
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Note that the calculator marks the left and right bounds you us{ oz 1F e arahatho o Fir]
with small triangles. The-intercept must lie between the two

small triangle marks. If you incorrectly mark the interval, you /\
may not get an answer. The coordinates of@ercept (zero) —
of the slope graph are displayeR’(x) = 0 atx = 20. N —— F?Nc
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We now need to determine if the slope graph crosseg-ghas, only touches the-axis, or does
neither of these at the other location that may be an intercept.

Zoom in withZoomIn (see Section 1.4.2) GoomBox(see Sec- _T&"‘ SoihitFacl oo ol
tion 3.2.1) as many times as necessary to magnify the portion|¢
the graph aroung = 20 in order to examine it more closely.

We choose to useoomBox,but both work equally well. e o e e —13\8_ 1579
HMiAlH Fab ALUTO FUMC

Fir] Fe=] FZ F4 FCx | Fa- [Fr7 i
Teols|2eem|Trace|keGrarhjMath|Draw|Fen|:s

After magnifying the graph several times, we see that the grapl :
just touches and does not cross tkexis neax = 10. (Press \ /
[Trace]and trace as near as possiblto10.) We see that <+

x = 10 does not yield an extreme point on the grapR.of s _—

HilN Rl ALUTO FUHC

We are asked to find the absolute maximum, and we know tha{f-ub& i Fufodiru] ]
occurs at one of the endpoints of the interval or at a zero of th

slope graph. So, return to the home screen and find the outpuil= ui¢a 8
R at the endpoints of the interval € 0 andx = 26) as well as the| | %{:22 o
output at the “crossing” root of the slope grapt=(20). z

197]

gl (260
HAlH RaD AUTO FUHC 30

We see that Acme’s revenue was greatest at 20 weeks after they began the sales campaign.

5.2.2 FINDING ZEROS OF SLOPE FUNCTI ONS USING THE SOLVER You may find it
more convenient to use the TI-89’s solve instruction rather than fing-itercept(s) of the
slope graph as we did in the last section. We illustrate using Acme Cable’s revenue function.

EnterRin they1 location of they= list. Enter either the TI-89’s
derivative or your derivative in the? location. Turn offy2.

Recall that the slope graph crosses the input axis at either a 1
or a min of the function graph. Viewing a graph of the function
an easy way to tell which extrema occur at which locations. | [t

Fi-| Fe-| FZ ] FE- | Fa- [Fr-¢ it
Tools|2oer|Trace|kearaphjMath|Draw|Fen|:2

We are told thak is between 1 and 26, so set this horizontal

view. Draw the graph of1 with [F2] [Zoom] [=] (&)

[ZoomFit].

Resetymaxto a larger value, say 95,000, to better see the high [rhiletmlrae s orai -
point on the graph. GrapRand pres$F3| [Trace]. Hold down

1

[»] until you have an estimate of the input location of the high
point. The maximum seems to occur wheis near 20. fieilD. PATL Woi re99. 904

Remember that we want to solve the equaii(x) = 0 to find where the tangent is horizontal.

R ; I A L e -:nrusn'upﬁ
On the home screen, type the solve instruction YWt} [Algebra]

1 [solve(} type“y2(x) = 0,x )", and pres§ENTER|. The solutions

x =10 andx = 20 are found. msolve(y200 =02
=20 or x= 1a

WD RUTD _ FUNC FPET]

solu
HiilW
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* The TI-89 is correct because the slope is 0 at both of these inputs. However, as we saw
from the graph of the functioR, we cannot rely only on the results of the solve instruction.
The function graph should also be examined. In this case, we see that only 20 is the
location of the maximum. Acme’s revenue was greatest at 20 weeks after they began the
sales campaign.

5.2.3 USING THE CALCULATOR TO FIND OPTIMAL POINTS  Once you draw a graph of

a function that clearly shows the optimal points, your calculator can find the location of those
high points and low points without using calculus. However, we recommend not relying only on
this method because your instructor may ask you to show your work using derivatives. If so,
this method would probably earn you no credit! This method does give a good check of your
answer, and we illustrate it using Acme Cable’s revenue fun®ifom Section 5.2.1.

EnterRin they1 location of they= list. We are told thak is b e B o e
between 1 and 26, so set this horizontal view. Draw the graph

of y1 with [Zoom] [=] (A) [ZoomFit]. Resetymaxto

a larger value, say 95,000, to leave more room above the high
pOint on the graph. AT D AT FiTHT

With the graph oR on the screen, pre§gs| [Math] 4 [Maximum]. | [FEnr s b
1

Use[ »] or [ «] to move the cursor near, but still to thet of,

the high point on the curve.

Lowet: Bound?

Presg ENTER| to mark the lower bound of the interval. et 1. (Ralog e TTena. 712
R e S ] | [ bEeae] e ban et ||
Uselzl tO move the Cursor to t}mht Teols|2eem|Trace|keGrarh Mu:h DF aw|Fen| i. Taols|2 u k&G arh|Hath)D F:

of the high point. PreSENTER| to
= Boun Fax irun
1.8

mark the upper bound of the interval || ... sounae
and find the relative maximum point. | agiel-200000 sel 72290, 923) | Wi 0. N0A0A, . ei BUALE.

CAUTION: As when using thath menu to find zeros, the bounds you mark are indicated on
the graph with small triangles. When you enter your estimate for the upper bound of the
interval, the TI1-89 returns the highest point that is within the bounded interval that you have
marked If the relative maximum does not lie in this interval, the TI-89 returns the highest point
in the interval you marked (usually an endpoint). Always look at the function graph!

* You may not see the exact answer for either one or both of the coordinates at the maximum
point due to rounding errors in the numerical routine used by the TI-89. Always round your
answer to make sense in the context.

* The method shown in this section also applies to finding the relative minimum value(s) of a
function. The only difference is that to find the relative minimum instead of the relative
maximum, initially pres$F5| [Math] 3 [Minimum] from the graph screen.

5.4 |nflection Points

As was the case with optimal points, your calculator can be very helpful in checking algebraic
work when you find points of inflection. You can also use the methods illustrated in Section
5.2.3 of thisGuideto find the location of any maximum or minimum points on the graph of the
first derivative to find the location of any inflection points for the function.
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5.4.1 FINDING X-INTERCEPTS OF A SECOND-DERI VATIVE GRAPH  We first look at
using the algebraic method of finding inflection poirtfinding where the graph of the second
derivative of a functiortrosseghe input axis.

Before illustrating with an example, we see how to find second derivatives on the TI-89.

Find the first derivative of a function, sdfx) = 3x3 + 2x2 — 5.
Highlight the first derivative and pre$51] [Tools] 5 [Copy].

(3542w

A0 T M E e E =T )
HATH FAl ALTO FUHC i1 |

TE%]'E ﬁ'l;&zgl"ﬂ Crd?:l:: utrlli'&.rf’ Pr};fnlu E]&F\IEI\'UP
L334z 5)
with [<]. Use[F1] [Tools] 6 [Paste}o paste the first derivative i 952 4 dx

Py P 12-% + 4

that location and pre§&NTER|. S E———

Another method allows you to find the first derivative directly.
Enter a third value into the derivative instruction (following the
input variable) where the value entered is a number, called the
order, corresponding to the derivative you want. For a secong
derivative, we entep.

(@]

Use[ ¥] to return to the entry line and delete the original functi

To illustrate, we consider a model for the percentage of students graduating from high
school in South Carolina froh982 through 1990 who entered postesetary institutions:

f(x) =-0.105%&3+ 1.355¢ — 3.67X + 50.792 percent
wherex is the number of years after 1982.

Enterf in they1 location of they= list, the first derivative of i
fin y2, and the second derivative bin y3. (Note that you can ul=-, 1057 x5 + 1,355 5% - b
find these on the home screen, copy them, and paste the alge
formulas into ther= list or you can use the derivative symbol )
notation that is shown to the right.) Turn gff andy2. I 0 =EOL 0 5, 2
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We are given the input interval 1982 through 1990, SOXOK 8. | [resilebin|rfdeelseorapiit orifrécl
Either usezoomFitor choose some appropriate vertical view. W
use~4 <y<4. Because we are looking for tkentercept(s) of

the second derivative graph, any view that shows the line crog
the horizontal axis is okay to use. —  —

Use the methods indicated in Section 5.2.1 to find where the | [[Frsishenmbmimiuis
second derivative graph crosses xrexis. (Note that when you x
are asked to give the inflectigpoint of f, you should answer with m\\\
both the input and an output of the original function.)

(n

Zero
xcid 2731 ucil.
HAIN FAD ALTO FUNC

Return to the home screen and efitgr{ alphd [)] (c). Thex-

value you just found as theintercept remains stored in tke
location until you change it by tracing, using the solve instruc-| |a . 4. B73E9996846

tion, and so forth. Find the function output by substituting this) |" FICRESEEEEESTIERS.

x-value intoy1. Note that the highlighted instruction to the right LHED) 51.5954865334
glixc
was entered Wlt 1 |Z| (ANS) HAIN FAD AUTO FUNC 2
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5.4.2

At some point, be sure to examine a graph of the function and| [reilzm}aedeesbam|an o) 1
verify that an inflection point does occur at the point you have h
found. To do this, turn of§3, turn ony1, and us&oompFitto

draw the graph. Trace near whete 4.27 andy = 51.6. The

graph ofR confirms that an inflection point occurs at this point.| 2555848 wcisl 5552683

EXPLORE: What would the line tangent to the graphfabok like at the inflection point? Use
the graph of1 and the first method explained on page C-50 of Gisde(with x = 4.27) to see
if you are correct.

The TI-89 usually draws an accurate graph of the first derivative of a function when you
use the derivative notation to specify the derivative rather than use an algebraic formula. Your
calculator also draws the graph of and computes the second derivative of a function when you
specify the order of the derivative in the notation. If you are in doubt about your calculation of
the first and second derivative formulas, check them using the TI1-89’s symbolic capabilities or
use the calculator’s derivative notation rather than your algebraic formula to avoid making a
mistake in the location of the inflection point.

We continue the illustration using the South Carolina high school graduation rate function.

You should still have in they1 location of they= list, the first
derivative off in y2, and the second derivative fbin y3. Turn
off y1 and turn ory2 andy3. Check the window; you should
still havexmin = 0 andxmax = 8.

[
O3 el =qigl e, 20
HATH Fib AUTD FUHC

Draw the graph of the first derivatig2) and the second de-
rivative (y3) of f using an appropriate window. You can use
ZoomFitto set the vertical view or experiment until you find a

suitable view. The graph to the right uses< y < 4. / \\\A

HilW Rl ALTOD FUHC

Find thex-intercept of the second derivative graph as indicated in this section or find the input
of the high point on the first derivative graph (see below) to locate the input of the inflection

point. (When more than one graph is on the screen| Wseo jump between graphs.)

USING THE CALCULATOR TO FIND INFLECTION POINTS Remember that an in-
flection point on the graph of a function is a point of greatest or least slope. This means that
you can find the input location of an inflection point by finding where the first derivative of the
function has a maximum or minimum slope. We illustrate this method using the logistic
function for polio cases that is in Example 2 of Section 5.€aiculus Concepts

42183911

The number of polio cases in the U.S. in 1949 is giverCly = EYTTIT)
1+21,484 258

wheret = 1 in Januaryt = 2 in February, and so forth.

EnterC(x) = 42183.911/(1 + 21484.283(-1.24891%)) in they1
location of they=list and the first derivative dfin y2. (You
can use your algebraic formula for the first derivative or the
calculator’s derivative.) Turn off1.

gd=
w2 e =iyl O, wd
HATH FiRD A

LTO

FUHC
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The problem context says that the input interval is from 0 (the| [l sl
beginning of 1949) to 12 (the end of 1949), so set these value
for x in the window. Set the vertical view and draw the graph ¢

C’with [F2] [Zoom] [=] (A) [ZoomFit].

Use the method discussed in Section 5.R€3, use [Math] 4
[Maximum], to find the input location of the maximum point on
the slope graph. Note: This graph takes a while to draw
because the TI-89 must calculate each derivative before plott
the point. Tracing this graph is also slower than if you had Madirilo o155 uo: 13176, 985
entered an algebraic formula for.) He P

Fir] Fer |F3=| Fi~| FE Fi~
Tools|ATAekra|Cals|Other [FrAmIOjClean Ur|

—)

HilN Rl ALUTO FUHC

Fir] Fe=] FZ F4 FCx | Fa- [Fr7 i
Tools|2eem|Trace|keGrarhjMath|Draw|Fen|:s

=

Thex-value of the maximum of the slope graph is iealue of
the inflection point of the function. To find the rate of change of

polio cases at this time, substitute this valua of y2. To find e et
the number of cases at this time, substituie y1. = yiixc) 21891, 9555008

FAl ALTOD FUHC 330 |

You could have found the input of the inflection point on the
polio cases graph by finding theintercept of the second de-
rivative graph. The function whose graph is shown to the right
y3 = d(y1(x), x, 2), and the graph was drawn usiAgomFit. e \ /
HCET.BEFOLIEF gt

HAlN FAl ALTOD FUHC

Fi-1 Fe- [Fx=] Fiu- | FE Fb-
Tools|ATdekra|Cal|Other [FramiOjClean Ur|

If you prefer, you could have found the input of the inflection

point by solving the equatio@ " = d(y1(x), x, 2) = 0 using the 2

solve instruction. . snlvE[hiultxﬂ =0, ><]
ag

FUND

CAUTION: Do not forget to round your answers appropriately (this function should be
interpreted discretely) and to give units of measure with each answer.

1030

Our final method is also the simplest — using the TI-89’s built-in inflection point finder! Be
certain if you use this method that the function does have an inflection point at the location
indicated by the calculator. We illustrate with the polio cases function that is entgredd(x)
=42183.911/(1 + 21484.283(-1.24891%)).

Turny1 on and all other functions off. Draw a graph®ffor x LA o o AP [ 6
between 0 and 12 withoomFit PresgF5| [Math] 8 [Inflection].

Move, using »] or [ <], the cursor to a position to the left of
B ) Lower Bound?
where the function changes concavity. e iy, LI yot LBG6S. 999

HAIN Rl AUTOD FUNC

ENTER marks the lower bound. Use e | et
[»] to move the cursor to the right of
where the function changes concavity,.

Press ENTER| and the in n - | fu Bound? Inflecti
es§ENTER] and the input and out Hei. 8101 Pet- uci 31065, 536/ | [t £x 5500 187-"uc: 71091, 955
HAlW EaD AUTO FUMC HAlW EaD AUTO FUMC

put of the inflection point are shown.
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