Chapter 3 Describing Change: Rates

1. 3.1 Change, Percent Change, and Average Rates of Change
i As you calculate average and other rates of change, remember that every numerical answer in a
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context should be accompanied by units telling how the quantity is measured. You should also
be able to interpret each numerical answer. It is only through their interpretations that the
results of your calculations will be useful in real-world situations.

3.1.1 FINDING AVERAGE RATE OF CHANGE Finding an average rate of chahgsing a
function is just a matter of evaluating the equation at two different values of the input variable
and dividing by the difference of those input values.

We illustrate this concept using the function describing the population density of Nevada
from 1950 through 1997 that is given in Example 3 of Section 3Qaltulus Concepts

The population density referred to above is given by the functi
p(t) = 0.1617(1.0481% people per square miteyears after 1900

Presq @] (Y=), clear any functions, turRlot 1off, and enter | | 3=
this function iny1 usingx as the input variable.
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To find the average rate of change of the population density from 1950 through 1980, first
realize that 1950 correspds tox = 50 and 1980 corresmds tox = 80. Then, recall that the

average rate of change pbetween 1950 and 1980 is given by the quoti@ﬁw .

1(80)-vy1(5 rh T dabe aldare ntar prami -:nrusn'upﬁ
Return to the home screen and type the quo c))—yso( 9 .

Remember to enclose both the numerator and denominator ofi{ . .. ..
fraction in parentheses. Finding this quotient in a single step ||~ =e-52
avoids having to round intermediate calculation results. (8
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Recall that rate of change units are output units per input units. On average, Nevada’s popula-
tion density increased about 0.18 people per square mile per year between 1950 and 1980.

To find the average rate of change between 1980 and 1997, Qi fal ot |
[»] and change 50 to 97 in two places. PH&NTER. Ifyou |[=2E5=aS

L 175244367356
have several average rates of change to calculate, you can puj. ULCED = y1(97)
. 5996?834

average rate of change formula in the graphing list. Of course{| " _saoesser
need to have a function . SRR 7 e

Entery2 = (y1(b) — y1(a))/(b — a). On [iti | S b ] ]

the home screen, store the inputs of th ”‘:‘“ i;:“::‘;%mx soap s g, | EEIETEI
. . “gl=. 1. u +hb o + 3

two points ina andb. Typey2(x) (OI‘ ngﬁ " 20 . 417445174529

insert any number far becausg2 is a 43z :3352)8) SHTaasias

constant- It doeS not Contailﬂ). aﬁﬁxj:wlngfn)u;l?l(ar)ujug(b_a) T RAl AUTO FUHC [P

3.1.2 CALCULATING PERCENTAGE CHANGE You can find percentage changes using data
either by the formula or by using progradFF. To find a percentage change from a function

1 The TI-89 CATALOG contains an instruction callesigRC While this instruction could be adapted to give what we
call theaverage rate of changd is easer to calculate average rate of change as illustrated iG tinie
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instead of data, you should use the percentage change formula. We again use the population
density of Nevada function in Example 3 of Section 3.Talfculus Conceptt illustrate.

Havep(x) = 0.1617(1.04829 in y1. The percentage change in
the population density between 1950 and 1997 is given by the

p(97)- p(50 y1(97)-y1(50
formula—(so) A0 = TG0 [A0®o. Recall that

if you type in the entire quotient, you avoid rounding errors.

Fir] Fer [F3r| Fi~] FE Fi~
Tools|ATAbra|Cals|Other|FrAmIOjClean Ur|

o S10E70 — ul105E)
1S
2.11395489512
=2, 1139542951247 - 100
211.395489512
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3.2 Instantaneous Rates of Change

We first examine the principle of local linearity, which says that if you are close enough, the
tangent line and the curve are indistinguishable. We also explore the method the calculator uses
to draw a tangent line at a point on a curve.

The population density of Nevada increased by about 811.4% between 1950 and 1997.

MAGNIFYING A PORTION OF A GRAPH The zoom menu of your calculator allows you
to magnify any portion of a graph. Consider the graph shown in Figure 3.7 in Section 3.2 of
Calculus ConceptsThe temperature model &x) = -0.804 + 11.644& + 38.114 degrees
Fahrenheit wherg is the number of hours after 6 a.m.

Enter the functiorT in y1, set the window foix between 6 a.m.
(x=0) and 6 p.m.X = 12), and draw the graph usin®]
(Y=) [Zoom] [=] (A) [ZoomFit]. We now want to

zoom and “box” in several points on this graph to see a
magnified view.

Fi-| Fe-| FZ ] FE- | Fa- [Fr-¢it
Tools|2oem|Trace|keararhjMath|Draw|Fen|:d
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The first point we consider on the graph is pofnivith x = 3.
Presg F2| [Zoom] 1 [ZoomBox]and use the arrow keyg«],
[A], etc.) to move the cursor to the left of the curve close to
wherex = 3. (You may not have the same coordinates as thos¢
shown on the right.) Pre$&NTER to fix the lower left corner
of the box.

;.:
Too1: Zoom Truc-z keGruvh Muth Druw P-zn

U

//

1=t _Corper?
#Ci3. 0379747 ucifd, 176915
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Use the arrow keys to move the cursor to the opposite corner
your “zoom” box. PointA should be close to the center of your

box. Pres$ENTER| to magnify the portion of the graph that is
inside the box.

[Fiz [ Fe-| Fz | E_ | FEx| FE-[F7F2 |

Zhd Corher?
wcid.936FE89  uciT3. 614474

Look at the dimensions of the view you now see \{i#

(WINDOW). Repeat the above process if necessary. The clos
you zoom in on the graph, the more it looks like a line.

HEIN

Rl AUTOD FUNC

FanY
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Resetxmin to 0, xmaxto 12, and redraw the graph of the temperature function BdatnFit
Repeat the zoom and box steps for p&mwith x = 7.24 and poinC with x = 9. Note for each
point how the graph of the parabola looks more like a line the more you magnify the view.

These are illustrations dbcal linearity.
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3.2.2 DRAWING ATANGENT LINE The TI-89 has several different instructions that allow you
to draw a line tangent to the graph of a function at a specified point. To illustrate the process,
we draw a line tangent to the graphTfthe temperature function given in the previous section
of this Guide

EnterT(x) = -0.8042 + 11.644& + 38.114 iny1. Next, press S R N AT R
[#] [F2 (WINDOW) and sekmin = 0, xmax = 12, ymin = 38and 1
ymax = 85. Presg ¢] (GRAPH). Presg F5| [Math]
Tangent at?
gcivs, 180957

ek
|E| (A) [Tangent]- HAIN FAD ALTO FIONC
r rh] rsz = I 3] ]rsvT rvarpﬁrss]
Toals|2eom|THace|keGFaph|Math|Draw|Fen|:<

Press3| ENTER at the“Tangent at?"prompt, and the tangent
line is drawn a = 3.

y=6. 82x+45. 35
HRIH FAl AUTO FUHC

Note that the equation of the tangent line is displayed at the bottom of the screen. Compare this
line with the zoomed-in view of the curve at po#ui(in the previous section). They are actually
the same line if you are at poiAt

The TI-89 instructiorLineTanalso allows you to draw a line tangent to a curve at a given
point. Access this instruction from tt@ATALOG. Whenever you use this instruction, the
calculator assumes that the graph of a function is already drawnxiamghe input variable.

Pres{ @] (GRAPH). If the line tangent to the temperature curvexat3 is still drawn,
presq F4] [ReGraph]. Return to the home screen wltHOME].

Pres 4 CATALOG]| 4 and Scroll down to R A l:]-zrusn'uvﬁ o Tilzham|Tr 2ce ke ar ah|Fiath|bram|anfs.
LineTan. Pres§ENTER|. Next type

y1(x) and the input of the point of
tangency, separated by a comma. LineTan 9lo, 3.5

HilW Rl ALTOD FUHC [T HilW Rl ALTOD FUHC

Your calculator has yet another instruction caligdwSIpthat can be used to draw a line
tangent to a curve if you know the slope of the line at the point of tangenggp&&e you are
told that the slope of the line tangent to the temperature curve dtis 5.212. Let us use this
information to draw the tangent line at the point on the curve wherd.

Presg @] (GRAPH). If the tangent line to the temperature | [ s bambimm bl
curve atx = 3 is still drawn, presfF4| [ReGraph]. Presg 2nd|
[F6: Draw] 6 [DrawsSlp] 4 | [Y] 1[(] 4[)] [.] 5.212] ENTER

HEIN Rl AUTOD FUNC

NOTE: TheDrawSlIpinstruction returns you to the home screen but the tangent line automati-
cally draws when you enter the complete instruction.

3.2.3 VISUALIZING THE LIMITING PROCESS This section of th&uideis optional, but it
might help you understand what it means when we say that the tangent line is the limiting posi-
tion of secant lines. PrograBECTAN can be used to view secant lines between a pairni4))
and close points on a curye= f(x). The program draws the tangent line at the panti(@)).
Before using prograrBECTAN, a function (using as the input variable) must be entered in the
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y1 location of they= list, and you must draw a graph of the function. We illustrate with the
graph of the functio that was used in the previous two sections, but you can use this program
with any graph. (PrograrBECTANI s in theTI-89 Program AppendiX

Caution: In order to properly view the secant lines and the tangent line, it is essential that you
first draw a graph of the function clearly showing the function, the point of tangency (which
should be near the center of the graph), and enough space so that the close points on either side
can be seen. See Sections 1.1.2 and 1.1.3 o@hidefor some hints on finding a proper

viewing window.

HaveT(x) = -0.8042 + 11.644& + 38.114 iny1. Next, press

(o] (WINDOW) and setmin = 0, xmax = 7, ymin = 30and
ymax = 90. Pres{ @] (GRAPH)and then usgHOME] to

return to the home screen. o I

Presg2nd [-] (VAR-LINK) 3 (S) and scroll tosectan”(or type the name on the home screen).

= e E.i.:ai::':féfr.';;:ﬁ
Presg ENTER| to start the program and see the message that S o——

appears to the right. PreBNTER]. If you forgot to enter the | |5 " ¥ = @raw =reen

function iny1 or to draw its graph, press[no] at theChoice?
prompt that appears. Otherwise, prégges].

HAIH FAD AUTO FIUHL [F il E|

At the next prompt1 1:ype thevalue at | [l ::':fifr.';;:ﬁ sl S B ::':fifr.';;:ﬁ
the point of tangency. (For this illus- | [sertinue? Press ENTER to see

Input x-walue of the secant lines

H = » point of tangencu. from the left approach

tration, choose& = 4.) When ENTE B fron the left o
is pressed you see the message show
on the far rlght RN FAD AUTD _ FURC ez | | (MR FAD AUTD  FUMC _ TEER|

. . . Fi-| Fe-| FZ F4 FE= | P~ [FP7ii
Pres4 ENTER|. Five secant lines will draw. (Remember that | [=rmimedammimint 2

the indicator at the lower right-hand corner of the screen says
BUSY when the program is computing and s&sJUSEwhen it

is finished and ready for you to prdsSNTER].) ol

. . . Fi-| Fe-| FZ F4 FE= | P~ [FP7ii
When you flnlsh Iooklng at the graph’ pr to con- Tools[2oom|Trace|keGrarh|Math|oraw|Fen):<

tinue. A message appears and says that you will see next se¢
lines drawn between the point of tangency and close points to

right. (Again, five secant lines will draw.) PrefSNTER].

—t

HAIN FAD AUTO FUNC I

Fi-| Fe-| FZ ] FE- | Fa- [Fr-¢it
Tools|2oom|Trace|keararhjMath|Draw|Fen|:2

Presg ENTER)| to continue the program. You are next told to

pres§ ENTER to see a graph of the line that is tangent to the
curve atx = 4.

HilW Rl ALTOD FUHC

As you watch the graphs, you should notice that the secant lines are becoming closer and closer
to the tangent line as the close point moves closer and closer to the point of tangency.

3.2.4 TANGENT LINES AND I NSTANTANEOUS RATES OF CHANGE The TI-89 usually
gives results that are the same as the mathematical results you expect. However, as with all
technologies, you should now the fundamentals of what results to expect just in case the
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calculator is not correct for some particular result. In this section, we investigate what the
calculator does if you ask it to draw a tangent line where the line cannot be drawn. All plots
should be turned off. Consider these special cases:

1. What happens if the tangent line is vertical? We consider the funfftiprs (x + 1)/3
which has a vertical tangent at —1.

2. How does the calculator respond when the instantaneous rate of change at a point does not
exist? We illustrate witlg(x) = [x] — 1, a function that has a sharp point at<(D).

3. Does the calculator draw the tangent line at the break point(s) of a piecewise continuous
function? We consider two situations:

a. h(x), a piecewise continuous function that is continuous at all points, and
b. m(x), a piecewise continuous function that is not continuous=af.

1. Enter the functior(x) = (x + 1)/3in they1 location of the
Y= list. Remember that anytime there is more than one
symbol in an exponent and you are not sure of the TI-89's
order of operations, enclose the power in parentheses.

ol =0+l a0 20
HATH FAD AUTO FUHC

Draw the graph of with [Zoom] 4 | [Tt e Bann b o | [ e B
[ZoomDec]. Presg F5| [Math] J— { }
[=] (A) [Tangent]and[(-)] 1[ENTER at I P
theuTangent at?”prompt. HRIN FAD ALT FINE FRIN FAD RUT FONE

CAUTION: A vertical tangent line at = -1 does not draw (as it should). For this function,
the slope of the tangent line does not exist, but the tangent line can be drawn. Note that you
can manually draw the tangent using the vertical line instruction. From the home screen
accesd.ineVertfrom theCATALOG and enter the instructidrineVert 1.

2. Cleary1 and enter the functiog(x) = [x] — 1. The absolute

=FLOTZ

value symbol is typed witfend 5 (MATH) 1 [Number] 2 -1 I
[abs(]. Draw the graph of the function wiffF2] [Zoom] 4 ggg
[ZoomDec]. . dlCeisabe Ol
Pres4F5| [Math] [=] () el bR
[Tangent]and0 at the {"* e Tutian Found J»
“Tangent at?"prompt. S
BT YT G BT YT G

This is correct! There is a sharp point on the grapg af (0,1), and the limiting positions of
secant lines from the left and the right at that point are different. A tangent line cannot be
drawn on the graph @ at (0,~1) according to our definition of instantaneous rate of change.

3a. Clear any functions from in thé= list. Enter, as indicated, threidzinl 7 |44 ) ]
H Flok d: [ mowscd e
function e “2’1‘51
x2 when x< 1 2= o
h(x) = ud=
X when x> 1 N e P IS
HalN FnD AUTOD FUHC
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Recall thatwhenis found in theCATALOG and that the < symbol is accessed 0 (<).

SRRl
Highlight y1 and pres$2nd| [F1] [F6: Style] 2 [Dot]. Draw the I S—

graph ofh with [Zoom] 4 [ZoomDec]. Resetymaxto 10 for
a better view and redraw the graph (GRAPH).

HAlN Rl ALT FUHC

——
Fir] Fe-] FZ F4 FCx | Fa- [Fr7 5
Tools|2eem|Trace|keGrarhjMath|Draw|Fen|:s

Presg F5| [Math] [=] (A) [Tangent]and1 atthe || L
“Tangent at')"pl'Ompt l Mo solukion Found L
< EFCEANEEL

HilN Rl ALT FUHC

o wal=]
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This is correct! Even thoughis continuous for all values of, there is no tangent line to the
graph ofh at the break point = 1. Secant lines drawn using close points on the right and on
the left ofx = 1 do not approach the same slope, so the instantaneous rate of charlpesf
not exist atx = 1.

NOTE: There is no tangent line at the break paht piecewise continuous function (even if
that function is continuous at the break point) unless secant lines drawn through close points to
the left and right of that point approach the same value.

3b. Edity1 so that the second part of itxst+ 1 instead ok:

X2 when x< 1
m(x) =
x+1 when x> 1
The TI-89 should still be iDOT mode from the previous graph. | [4lizizuhentxst, 2.
Draw the graph of the function with otz T;ugc-z cr aph|Piathor anlfnl o Tilzham T;ugc-z keEIJ[upn st or | fanfs
. i ERKIR 7
IZ' (GRAPH) Pres [Math] lmsﬂutioniound L
[=] (A) [Tangent]and1 [ ENTER TR
at the“Tangent at?”prompt' FAIN FRE AUT FURC FAIN FRE AUT FURC

This is correct! Becausmis not continuous at = 1, the instantaneous rate of change does not
exist at that point. The tangent line cannot be drawn on the graphwdfenx = 1.

NOTE: None of the other TI-89 tangent line instructions draw the tangent at the points where
the one we used above did not because they all make use the slope of the curve at those points.

3.3 Derivatives
There are no new calculator techniques in this section, but we illustrate a new calculation.

3.3.1 CALCULATING PERCENTAGE RATE OF CHANGE Suppose the growth rate of a

population is 50,000 people per year and the current population size is 200,000 people.

What is the percentage rate of change of the population? The [ &b Sl |
answer is 25% per year. . Joose »
Suppose instead that the current population size iﬂlibr_nn "4 100 25
What is the percentage rate of change? The answer is 2.5% p" 5 ;¢ 174
year, which is a much smaller percentage rate of change. DT RE L1 I
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