
16.

17.

18. is an eigenvalue of A if there exists a nonzero vector
x such that x is called an eigenvector of A. If
A is an matrix, then A can have n eigenvalues,
possibly complex and possibly repeated.

19. P is orthogonal if The possible eigenvalues
of an orthogonal matrix are 1 and 

20. There exists P such that A and B are sim-
ilar implies that there exists Q such that 
Then 

21. If 0 is an eigenvalue of A, then 
and hence A is singular.

22. Let and be distinct eigenvalues of A, with corre-
sponding eigenvectors and Then we can write

This implies that and because
it follows that Therefore, and

are orthogonal.
23. The range of T is nonempty because it contains 0. Let

and be two vectors in the range of T. Then
But since u and v are in V,

it follows that is also in V, which in turn implies
that is in the range.

Similarly, let be in the range of T, and let c be a
scalar. Then But since cu is in V, this
implies that is in the range.

24. If T is one-to-one and v is in the kernel, then
which implies that 

Conversely, if the kernel of T is and 
then which implies that is in the
kernel. Since the kernel is trivial, 

25. 0 is the only eigenvalue.

Chapter 8

SECTION 8.1 (page 438)

1. 3. 5. 1

7.

9.

11.

Real
axis

Imaginary
axis

1

2

3

4

5

1 2 3 4 5

z = 1 + 5i

Real
axis

Imaginary
axis

−5 −4 −3 −2 −1

1

2

3

4

5
z = −5 + 5i

42 6

−4

−2

2

Imaginary
axis

Real
axis

z = 6 − 2i

242Ï6 

v 5 u.
v 2 uTsv 2 ud 5 0,
Tsvd 5 Tsud,h0j

v 5 0.Tsvd 5 Ts0d 5 0,

Tscud
cTsud 5 Tscud.
Tsud

Tsu 1 vd
u 1 v

Tsud 1 Tsvd 5 Tsu 1 vd.
TsvdTsud

x2

x1x1 ? x2 5 0.l1 Þ l2,
sl1 2 l2dsx1 ? x2d 5 0,

l1sx1 ? x2d 5 x1 ? sl2x2d 5 l2sx1 ? x2d
l1sx1 ? x2d 5 xT

1sl2x2d
l1sx1 ? x2d 5 xT

1sAx2d
l1sx1 ? x2d 5 sxT

1Ad x2

l1sx1 ? x2d 5 sxT
1A

Td x2

l1sx1 ? x2d 5 sAx1d
T x2

l1sx1 ? x2d 5 sAx1d ? x2

l1sx1 ? x2d 5 sl1x1d ? x2

x2.x1

l2l1

uA 2 lIu 5 uAu 5 0,

D 5 P21AP 5 P21sQ21BQdP 5 sQPd21AsQPd.
A 5 Q21BQ.

P21AP 5 D.

21.
P21 5 PT.

n 3 n
Ax 5 lx.

l
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13.

15. x 5 6 17. x 5 3

19. Sum: 5 1 3i
Difference: 21 1 9i

21. Sum: 10
Difference: 2i

23. Sum: 6 2 2i
Difference: 6 1 2i

25. Sum: 4 1 2i
Difference: 0

27. 20 1 10i 29. 8

31. 33.

35.

37. 39. 2, 3 41. 1, 1 6 i

43. 62, 62i 45.

47. 49.

51. 25 2 3i 53.

57. (a) ,

(a)

(a)

(b)

(c) , if n 5 1, 5, . . . , 4k 1 1

(c) , if n 5 2, 6, . . . , 4k 1 2

(c) , if n 5 3, 7, . . . , 4k 1 3

(c) , if n 5 4, 8, . . . , 4kAn 5 31

0

0

14

An 5 3 0

2i

2i

04

An 5 321

0

0

214

An 5 30

i

i

04

A57 5 A 5 30

i

i

04,   A1995 5 A3 5 3 0

2i

2i

04

A5 5 A 5 30

i

i

04

A3 5 3 0

2i

2i

04,   A4 5 31

0

0

14,

A1 5 A 5 30

i

i

04,   A2 5 321

0

0

214

325

25i

215 1 10i

15 1 30i4

322 1 2i

4 1 4i

2i

6 432 1 2i

4 2 4i

2

26i4

3 2

21 2 2i

1 1 3i

24i 4
2

1
2  6 32 i

sa3 2 3ab2d 1 s3a2b 2 b3di

22 1 2isa2 2 b2d 1 2abi

Imaginary
axis

Real
axis1 2 3 4

1

2

3

4

u = 2 + i
v = 2 + i

u − v = 0

u + v = 4 + 2i

42 6
−2

4

2

Imaginary
axis

Real
axis

v = −2i
u + v = 6 − 2i

u = 6

u − v = 6 + 2i

Real
axis

Imaginary
axis

−2

−4

2

4

6

v = 5 − i
u + v = 10

u − v = 2i

u = 5 + i

Real
axis

Imaginary
axis

2 4 6 8 10

−4

2
4
6

v = 3 − 3i

u + v = 5 + 3i

u − v = −1 + 9i
u = 2 + 6i

Real
axis

Imaginary
axis

−4 −2 2 4 6

−4

−2

4
−u =

−3 + i

u = 3 − i

2u = 6 − 2i
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SECTION 8.2 (page 444)

1. 6 1 3 i

3. 8i

5. 7. 9. 5

11.

13. 1 2 2i 15.

17.

19. (a) 3 2 4i (b) 2 2 11i

(c) (d)

21. 23. Not invertible

25. 27

29. (a) Circle of radius 3 centered at origin.
(b) Circle of radius 5 centered at 1 2 i.
(c) Interior and boundary of circle of radius 2 centered

at i.
(d) Closed region between the concentric circles of

radii 2 and 5 centered at the origin.

33. (a) s1/id1 5 1/i 5 2i, s1/id2 5 21, s1/id3 5 i,

(a) s1/id4 5 1, s1/id5 5

(b) s1/id57 5 , s1/id1995 5 i

(c) s1/idn 5 2i, for i 5 1, 5, . . . , 4k 1 1

(c) s1/idn 5 21, for i 5 2, 6, . . . , 4k 1 2

(c) s1/idn 5 i, for i 5 3, 7, . . . , 4k 1 3

(c) s1/idn 5 1, for i 5 4, 8, . . . , 4k

SECTION 8.3 (page 453)

1.

3.

5.

7.
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axis
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axis−3−2 1 2 3
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z = −2 − 2   3i

43cos12
2p

3 2 1 i sin12
2p

3 24
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z = −2 − 2i

Ï8 3cos12
3p

4 2 1 i sin12
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4 24
6scos p 1 i sin pd
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p

42 1 i sin12
p

424
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2
5
3 2

10
3 iA21 5

1
23

2

0

0

0

1 1 i

0

0

0

1 2 i4
A21 5 2

1
33 i

22 1 i

23i

6 4

3
25 1

4
25 i2

5 1
1
5 i

13
10 1

9
10 i

7

11
2

6Ï2 

11
 i

uzwu 5 u23 1 iu 5 Ï10

uwu uzu 5 Ï5Ï2 5 Ï10

uwzu 5 u23 1 iu 5 Ï10

Ï65Ï5 
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axis

Real
axis−8 −4 4 8
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4

8

z = −8i

z = 8i
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axis

Real
axis

2 4 6
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4

z = 6 − 3i

z = 6 + 3i
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9.

11.

13.

15.

17. 2i

19.

21.

23.
Imaginary

axis

Real
axis−2 1 2 3

−3
−2

1
2
3

θ = 3π
2

r = 4

24i

Imaginary
axis

Real
axis−2 1 2 3

−3
−2

1
2
3 θ = π

4

r = 3.75

15Ï2 

8
1

15Ï2 

8
i

Imaginary
axis

Real
axis−2

−2

1 2

1

2

r =

θ = 5π
3

3
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4
2

3Ï3 

4
i
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Real
axis−1 1

−1

1
r = 2

θ = π
2

Imaginary
axis

Real
axis1 2

1

2

z = −3 − i

Ï10fcoss22.82d 1 i sins22.82d

Imaginary
axis

Real
axis2−4 4

2

−4

4

z = 1 + 6i

Ï37scos 1.4056 1 i sin 1.4056d

Imaginary
axis

Real
axis−3 3 6

−6

−3

3

6

z = 7

7scos 0 1 i sin 0d

Imaginary
axis

Real
axis2−4 4

2

−4

4

z = 6i

61cos 
p

2
1 i sin 

p

22
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25. 7

27. 29.

31. 33.

35. 24 37. 232i 39. 28

41. 43. 256

45. (a)

(a)

(b)

(c)

(c)

47. (a)

(a)

(a)

(a)

(b)

(c)

(c)

(c)

(c)

49. (a)

(a)

(b)

(c)

(c)

51. (a)

(a)

(a) 51cos 
16p

9
1 i  sin 

16p

9 2

51cos 
10p

9
1 i  sin 

10p

9 2

51cos 
4p

9
1 i  sin 

4p

9 2

5Ï2 

2
2

5Ï2 

2
 i

2
5Ï2 

2
1

5Ï2 

2
 i
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axis2−2−6 4 6

2
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4

6θ

θ
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2
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3π

7π
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r = 5

51cos 
7p

4
1 i  sin 

7p

4 2

51cos 
3p

4
1 i  sin 

3p

4 2
Ï3 2 i

21 2 Ï3i

2Ï3 1 i

1 1 Ï3i
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axis−1 1
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1
r = 2

θθ

θ
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π5π

11π

4π

36
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3
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11p
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6 2

21cos 
4p

3
1 i sin 

4p

3 2

21cos 
5p

6
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5p

6 2

21cos 
p

3
1 i sin 

p

32
22Ï3 2 2i

2Ï3 1 2i
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θ

θ
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π

7π

6

6

1
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41cos 
7p

6
1 i sin 

7p

6 2

41cos 
p

6
1 i sin 

p

62
2

81

2
2

81Ï3 

2
 i

41cos 
p

6
1 i sin 

p

62
1

2
 1cos 

4p

9
1 i sin 

4p

9 2

0.25scos 0 1 i sin 0d121cos 
p

2
1 i sin 

p

22

Imaginary
axis

Real
axis−4 2 4

−4

2
4 θ = 0

r = 7
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(b)

(c) 0.868 1 4.92i

(c) 24.70 2 1.71i

(c) 3.83 2 3.21i

53. (a)

(a)

(a)

(b)

(c) 2

(c)

(c)

55. (a) cos 0 1 i sin 0

(a) cos 1 i sin 

(a) cos p 1 i sin p

(a) cos 1 i sin 

(b)

(c) 1
(c) i
(c) 21
(c) 2i

57. cos 1 i sin 

cos 1 i sin 

cos 1 i sin 

cos 1 i sin 

59.

31cos 
9p

5
1 i sin 

9p

5 2
31cos 

7p

5
1 i sin 

7p

5 2
3scos p 1 i sin pd

31cos 
3p

5
1 i sin 

3p

5 2
31cos 

p

5
1 i sin 

p

52
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θ

θ

θ
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13π
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θ
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= 0
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21 2 Ï3  i

21 1 Ï3  i
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1 r = 2
θ

θ

θ
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=
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4π

2π

3

3

1

3

2

21cos 
4p

3
1 i sin 

4p

3 2

21cos 
2p

3
1 i sin 

2p

3 2
2scos 0 1 i sin 0d
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Real
axis2−2−6 4 6
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4
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1

3
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=
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r = 5
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61.

67.

SECTION 8.4 (page 461)

1. 3.

5. 7.

9. S is not a basis for C2 11. S is a basis for C3

13. (a) 

(b)

15. (a) s2i, 2 1 i, 21d 5 s22 1 2i dsi, 0, 0d 1
s1 2 3i dsi, i, 0d 1 isi, i, id

(b) s2i, 2 1 i, 21d 5 s22 2 2i ds1, 0, 0d 1
s2 1 i ds1, 1, 0d1

17. 19. 21.

23. 25. 27.

29. 31. Linearly dependent

33. Linearly independent

35. Not a complex inner product

37. Is a complex inner product

39. z3 5 0, z1 and z2 can be any complex numbers.

47.

49. 51.

53. ker 55.

57. (a), (b), and (d) are subspaces.

SECTION 8.5 (page 471)

1. A* 3. A*

5. A*

7. A*

9. A is not unitary because it is singular.

11. A is not unitary because it is not a square matrix.

13. AA*

Hence, A is not unitary.

15. AA* 5 In

Hence, A is unitary.

5 3 4

24i

4i

44 Þ I2

5 f7 2 5i     22i      4g

5   

0

5 2 i

2Ï2i

5 1 i

6

4

Ï2i

4

3

5 30

1

2

045 32i

i

2

23i4

30

045 hs0, 0dj

3
2 2 i

1 1 2i

21 1 5i4, 32

1431 1 i

2i 4, 30

04

T 3u1

u2
4 5 32 1 i
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0

2i 43u1

u2
4

Ï2 

Ï15Ï3 Ï17

Ï7 3Ï42Ï2 

s21
2 1

1
2 ids0, 0, 1 1 id

0s0, 0, 1 1 id
 2s1, 0, 0d 1 2s1, 1, 0d 1s1, 2, 0d 5

s1, 2, 0d 5 isi, 0, 0d 2 2isi, i, 0d 1 0si, i, id

s29 1 3i, 2 1 14ids25 1 i, 24d

s28 1 4i, 6 1 12ids3i, 9 2 3id
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Real
axis1−1−2−3 2 3
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z =     3 +i
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41cos 
11p

6
1 i sin 

11p

6 2
41cos 

7p

6
1 i sin 

7p

6 2
41cos 

p

2
1 i sin 

p

22

Imaginary
axis

Real
axis1−1−2 2

−2

2 θ
θ

θ

θ
θ

1

2

3

5

4

=

=

= π

=
=

π

3π

9π

7π

5

5

5

5

r = 3

ANSWERS TO ODD-NUMBERED EXERCISES A75



17. AA*

Hence, A is not unitary.

19. (a)

(a)

(b)

21. (a) s d,

(a) s d

(a)

(b)

23. A is not Hermitian because the entry a22, on the main
diagonal, is not a real number. Hence A Þ A*.

25. A is Hermitian because A 5 A*.

27. A is Hermitian because A 5 A*.

29. 31. 33.

35. 37. s d

s d

39.

41.

43.

45.

47.

57. (a) 

(b) 

(c)

(d) 1 i

REVIEW EXERCISES– CHAPTER 8 (page 473)

1. 2 3. 20 5.

7. 2 6 2i 9.

11. 13.

15. 17.

19. 21. 23.

25. A is singular. 27.

29.

31. 33.

35.

37.

39. 4scos p 1 i sin pd

3
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p

62 1 i sin12
p

624
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3
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3 2

23 1 3Ï3i
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5
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41.

43.

45.

47. A*

49. 51.

53. 55. 4 57. Unitary

59. Not unitary 61. Not Hermitian

63.

CHAPTER 8 MATLAB ( page 476)

1. (a)

(b)

(c)

(d)

(e) 11 2 8i

(f) 

3. (a) Neither (b) Normal
(c) Neither (d) Normal

Chapter 9

SECTION 9.1 (page 484)

1. f 3. a 5. b

7.

9.

11.

13.

318 2 35i

23 2 44i

223 2 32i
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