16.

17.

18.

19.

20.

21.

22.

23.
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11 Similarly, letT(u) be in the range @f, and letc be a
V2 V2 scalar. ThereT(u) = T(cu). But sincau is in V, this
1 1 implies thatT(cu) is in the range.
V2 V2 24. If T is one-to-one and is in the kernel, then
L T(v) = T(0) = 0, which implies thav = 0.
(1 1 1] Conversely, if the kernel oF is {0} andT(v) = T(u),
V3 V2 Ve thenT(v — u) = 0, which implies that — u is in the
1 0 2 kernel. Since the kernel is trivial,= u.
V3 V6 25. 0 is the only eigenvalue.
1 1 1
V3 V2 Ve Chapter 8
A is an eigenvalue oA if there exists a nonzero vector SecTion 8.1 (page 438)
X ;uch thatAx = AX. X is called an eigenvector o If 1 -6 3 _a 51
Ais ann X n matrix, the\ can haven eigenvalues,
possibly complex and possibly repeated. 7. Imaginary

P is orthogonal ifP"* = P". The possible eigenvalues
of an orthogonal matrix are 1 andl.

There exist® such thaP~ AP = D. A andB are sim-
ilar implies that there exis® such thatA = Q 'BQ.
ThenD = P7AP = P~1(Q'BQ)P = (QP) *A(QP).

If 0 is an eigenvalue oA, then|A — Al| = |A] =0,

and hencé\ is singular. 0.

Let A, andA, be distinct eigenvaluesAfwith corre-
sponding eigenvectors amgd  Then we can write
M(Xq - Xp) = (AgXy) = X,

= (AX,) - X,

= (Axl)T Xy

= (x;A7) X,

= (x]A) X,

= X;(AX,)

= X1(A %))

= X1 (AX) = A(Xq - %)
This implies thaA; — A,)(X; - X,) = 0, and because
Ay # Ay, it follows thatx, - x, = 0. Thereforex, and
X, are orthogonal.

The range ofl is nonempty because it contaihd_et
T(u) andT(v) be two vectors in the rangeTofThen
T(u) + T(v) = T(u + v). But sinceu andv are inV,

it follows thatu + v is also irV, which in turn implies
thatT(u + v) is in the range.

11.

axis

Real
axis

Imaginary
axis
z=-5+5
°

, Real
axis

|
T
_5 _4_

W
|

N
|

=

Imaginary
axis

ez=1+15
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13. Imaginary
axis

41
-u=
-3 +i+

15.x=6

19. Sum: 5+ 3i
Difference:—1 + 9i

Imaginary
axis

efu-v=-1+9
6+ eU= 2+4

2__

4+ u+v=5+3
[

Real

6 8
3-3i

4 2
-4+

21. Sum: 10
Difference: 2

=

1

T

4 0
o -

Imaginary
axis

Tu-v=2

23. Sum: 6— 2i
Difference: 6+ 2i

Imaginary
axis

axis

17.x=3

25. Sum: 4+ 2i
Difference: 0
Imaginary
axis
4+
3__
utv=4+14
2+ °
1+ _2+0|U:2+I
u _}V :|O | | Real
'1 '2 '3 " axis
27.20 + 10 29. 8
31. (&% — b?) + 2abi 33. -2+ 2i
35. (a® — 3ab?) + (3a%b — bd)i
37. —3 * i 39.2,3 41.1, 1+
2 1+ 3i
43. 2, £2i 45, . .
! |—1—-2i —4i
2+ 2 2 [—2 + 2i 2i
47. 49,
[4—4i —Gi} | 4+ 4 6}
. [—5 —15 + 10i
51. =5 -3 5 15+ 30&
[0 il -1 0
7. Al=A= A? =
57. (@) Lo [ ’ _1],
0 —i 1 0
AS = , At = ,
I I PO
0 -
AS=A=
i 0]
0 i 0
bA57:A: i ,A1995:A3: i
(b) [| O] [—I
(©) A" = (ﬂ,ifnzl,s,...,ul
—1 0
n = if n= . +
A 0 _J,lfn 2, 6, LR+ 2
o0 i1
A= l},lfn=3,7, L k+3
| —i 0
1 0
A" = ,ifn=4,8,....,4&
0 1)

}



SecTION 8.2 (page 444)

1.6+ 3i
Imaginary
axis
4+ zZ=6+3
[ ]
24
) ) . Real
p 4 5 o
_2__
[ )
-4+ z=6-3i
3.8
Imaginary
axis
8eZ=8
4
1 1 1 1 Real
_é _"1 '4 |8 axis
-4
-8¢z=-8i
5. V5 7.V65 9.5
11. |wz] = |-3 +i] = V10
W |z = VBEV2=V10
|aw| = |-3 +i| = V10
. 7 6V2.
13.1 -2 15. 1 1 i
17. 8+ 2
19. (a) 3— 4i (b) 2 — 11i
(©) 5 + 3 (d) 5 + i

i =3 . .
2LA = —%[_2 +i 6 } 23. Not invertible

2 0 0
25.A =30 1+i O 27 -3 - %
0 0 1-i

29. (a) Circle of radius 3 centered at origin.
(b) Circle of radius 5 centered at-1i.
(c) Interior and boundary of circle of radius 2 centered
ati.
(d) Closed region between the concentric circles of
radii 2 and 5 centered at the origin.

ANSWERS TO ODD-NUMBERED EXERCISES

33. (@) (1h) = 1i = —i, (Lh)? = =1, (1h)® =i,
An* =1, (1h)® = —i
(b) (1A = —i, (AN)P®® =i
() )" = —i,fori=1,5,...,&k+1
(/"= —-1,fori=2,6,...,k+2
@ =i, fori=3,7,..., &+ 3
@an"=1fori=4,8,...,4&

SecTIioN 8.3 (page 453
o .. o
) — )+ —
1 \/§[cos< 4> |sm( 4)}
3. 6(cos7 + isnm)

5.V8 [cos(—?) +i gn(—sf)]

Imaginary
axis

7 210 N

et )5

Imaginary
axis

AT1
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2

Imaginary

9. 6<cos72T + i sin77>

11. 7(cos0 + isin0)

Imaginary
axis

/é’_‘

N\

<o

13. V/37(cos 1.4056 + i sin 1.4056)

Imaginary

axis
oZ™ 1+4
P ~

15. V/10[cos(—2.82) + i Sin(—2.82)

Imaginary
axis

T T T T T T~ axis

17. 2i
Imaginary
axis

g=1
2
— =

N,

A
r
\ Real

1 .
I " axis

\ 1 I1

Imaginary
axis

2__
-~ -3
s 1+ NI=3

+
8 8

Imaginary
axis

23. —4i

Imaginary
axis




25.7
Imaginary
axis

N 6=0

r=7>\
/Real
[ axis

/
-

I
||| L

T o
27.12(cos— + isin—
( 2 2)

31. ;(cos‘hr +i sin477) 33. 4(0032 +i sinZ)

9 9
35. -4 37. 32
s, 8L _B1V3,

2 2

T ——
45. (a) 4{cos— + —
€) (cos 5 isin 6)

4 coskr + isinﬁr
6 6

(b) Imagi_nary
axis

\ —é 2
24 /
AT
2 ?
€ 2V3 + 2
-2V3 - 2i

47. (a) 2<cos +isn )
57
6

2cos—+|3| )

3

11
2 cos— + i Tr)

6

[
2{oos 7 + |sm>
(o271 1

29.0.25(cos0 + i sin0)

43. 256
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(b) Imaginary
axis
—5n 3
6,=%_ L Bim3
\ 7 \
RS
[ r B \, Real
\ -1 1 ‘l axis
_1__
\4.~ - 7 94_]-%“
;=3
© 1+ V3
-V3 +i
-1-V3i
V3 —i
3m . . 3w
49. (a) 5lcos— + i sin—
@) ( 2 4>
5 cos7—77 + i sinﬁr
4 4
(b) Imaginary
axis
o =3m 6

1 4/4 ~

) \
/ 5, \ Real
]

RN R I TRAE
\ /
-4
\_6 / 92 TT[
© 5V2 5V2
2 2
5V2  5V2
2 2

4 . A7
51. 5 — 4+ —
(a) (cos 9 i sin 9)

5 cos@Jr i sn&
9 9

5 cos@Jr i sin@
9 9
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(b) Imaginary
axis
61 6,= T
s TAT TN
,l, ,2 r,=5,\, Real
SRR
(c) 0.868+ 4.92
—4.70—- 171
3.83—3.21

53. (@) 2(cos0 + i sin0)

2@ . . 2
2cos?+|sm—

3
2 cos4—77 + i sin4—7r
3 3
(b) Imaginary
o axis
92:§.’ L
A > -
1 \ 6,=0
/ L r=2\
| ) . o7 Real
'\ 1 1 I axis
\ -1+ /
-7
6;=7
(c) 2
-1+ V3i
-1-V3i

55. (@) cos O+ isin 0
T .. T

cos2 + i sin 2

cosm + i sinm

cos3—77 +i sin3—77
2 2

57.

59.

cosz +i sian
8 8

coss—w + i sinS—W
8 8

cosg—w +i singir
8 8

cos@ +i sin@
8 8

Imaginary
axis

3 T ien T
<cosS +isn 5)
3(005377+ ising7T>

5 5

3(cos 7 + i sinm)

3 0057—77 + isin7—7T
5 5

3 cosg—w + ising—w
5 5
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Imaginary 15. (@) (=i, 2+1i,-1) = (-2 + 2i)(i, 0,0 +
axis
6,= 3 (1—3)31,1,0 +id,i,i)
-
, 7 21, _\3\91=§ (b) (=i, 2+1i,—-1) =(-2-2i)1,0,0 +
I93= T \ Real (2 + I)(ll 11 O+
Vo s (=3 +31)(0,0,1+ 1)
T /
‘2t A= 17.V2 19.3V42 21.V7
L - 5
6,= 1" 23. V17 25.V3 27.\/15
29. V2 31. Linearly dependent
61. 4(005727 +i sin727> 33. Linearly independent
7o 7 35. Not a complex inner product
4(c056 +i sin6> 37. Is a complex inner product
4((:031177 i sinm) 39. z; = 0, z; andz, can be any complex numbers.
6 6 u, 24+i 0 Jfu
arlal=[ 5 ]G
IS
G T 2-i 7,
_|_
;0 oL s 49.[ , '},M 51.| 1+ 2i m
| | r_|4 \1 Re,a _1 + 5|
'\ _'2 '2 I " axis
ol ¢ 0
/’\m\ T %p=un 53. ker = {(0, 0)} 55. [ 0}
6,=5 T~
57. (a), (b), and (d) are subspaces.
7. i
6 Imigligary SecTION 8.5 (page 47]
iz= .
—i 2 0o 2
-1++/3 . 1A = 3.A =
z=+/3 +i [ i —3i] [1 0}
1 1 1 1 1 1 Real
3-2-1 \1 2 3 & 0 5+i V2i
- 5. A = |5—i 6 4
2 .
zfi=1-+/3i
- Ve V2 4 3
7.A=[7-5 -2 4
Secrion 8.4 (page 46} 9. Ais n[ot unitlar be::aus; it is singular.
1. (3i,9 - 3i) 3. (~8 + 4i, 6 + 12i) A rary I 15 singuar |
) _ ) 11. Ais not unitary because it is not a square matrix.
5.(=5+i,—4) 7.(=9 + 3i,2 + 14i)

9. Sis nota basis foiC? 11. S isa basis folIC3
13. (@) (1,2,0) = i(i,0,0) — 2i(i,i,0) + 0(,i,1)

wBoax = 4 AL
' -4 4|7

Hence A is not unitary.

(b) (1,2,00= —(1,0,0) + 2(1,1,0) +

0(0,0,1 + i) 15. AA =1,

Hence A is unitary.
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1 1[/-1 -1
1 0 3 45. A = \f[ . }
17.A8 =0 1 L#1, 2l -t
1 1 1 47 A 1 [ i =i
6 6 2 I
Hence A is not unitary. Vel-1 -1
= A+A A-A
19. @1 = (-5s).r,= G 57 (@) A= "=+ it
lIrall = 3 {frall = 1,1y -r, =0 '
4 3 2 1 0 1
_4 3 b + i
()AL = ! N 45] ( )[1 3} [—1 0]
—i —Ei
>0 A+ A*  A— AF
1 a Vi) @A=""% "+
2l. @) r, = ——=(V3 —i,1+ V3i),
@ 2\5( o o] L L
. 2 2
(V3 +1i,1- V3 ) +i
o U
lIrall = 3 frall = 1ry-r, =0 2
(b) At = 1 [\@\“}' \/3>\_[' } ReVIEW EXERCISES— CHAPTER 8 (page 473)
1-7Va3i 1+ Va3
2v2 1.2 3. 20 5.3 + Zi
23. Ais not Hermitian because the entyy, on the main
diagonal, is not a real number. Herfce: A" 7.2+ 9 9. 1 + \/E,
25. Ais Hermitian becausa = A", 5 o4 2 2
i iti = A 11. . . 13 -1+ 5i
27. Ais Hermitian becausa = A". [3 12 54+ ZJ !
29. j‘\lf 1 . 31 ;\1 - ‘11 33‘;‘\1 B ; 15. —1 — 2i 17.V8
2 2 Az _ 19. 8 + 4i 21.3 + & 232 + 3
35. v, = (1, —i) 37.v, = (V2,—i,i) 25. Ais singular. 27. 4\5(0052 + i sinZ)
V2 = (1, |) V2 = (01 lv 1)
=(V2,i,-i) 29. V65[cos(—0.519) + i sin(—0.519)]
5v3 5
9 p_ L[l 1 31.\[—2i 33. -3+ 3V3i
' 21— i
27 . . 2T
. N 0\V2 35. 12<cos3 +i sm3>
4aLP=C| - V2
a T
i V2 o =i 37. 3| cod —= | + isin| —
2[ S< 6) | ( 6)}
1 Ve 0 ) 0 39. 4(cos 7 + isinm)
43.P = ——= -1+i 2



ol 5) o 5]

T .. 5 5V3
. -+ — ==+
43 5((:033 |sm3> 5 o
5cos—+|sm4— = —5—5\/§
3 2 2i
T . . T 3 1.
. —+ - =— 4+ =
45. cos |sm6 > 2|
c055—+|5| o7 _ —E+}i
6 2 2
cosg—w + i sin—ﬂ =i
2 2
. -1—-4 3+
47. A =
[ 33— 2 — i}
49. (-3 + 28i, 14 + 8i) 51.(=5,1 - 2i)
53.1/38 55. 4 57. Unitary
59. Not unitary 61. Not Hermitian
63. ;= —1Lv,=(-2+1,5

A =5Vv,=(52+1i)
CHAPTER 8 MATLAB ( page 47%

—8+7i 32
L@ 545 9+4i}
-3 3 0
Ol P —9+6i]

(©

5
(dy| -1
|4 — 6i
(e) 11— 8i

0 [18 — 35i

23 — 44

3. (@) Neither
(c) Neither

[0.0385 — 0.1923i
0.3462 + 0.2692i

-1 4+ 6i
1 0
0 13

—23 — 32
18 — 25i

(b) Normal
(d) Normal

0.4231 — 0.1154i
—0.1923 — 0.0385i
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Chapter 9
SecTIoN 9.1 (page 484

1. f 3.a 5 Db
y
2__
1__
f ———> X
1 3 4
_1__
_2__
9. y
4+
3__
2+
1__
—+— —f—>X
-3 -2 1 2 3
_2__
11. y
N 44+
\
3T
2y
\
TN
— —%—+—+>X
-2 | 1 23 4
\
_2__ \
13. y
5__
4+
3——/
/-
f —+— > X
-4 -3 -2 it 1
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